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AbstractSolving a problem in an unknown graph requires an
agent to iteratively explore parts of the searched graph. Ex-
ploring an unknown graph can be very costly, for example,
when the exploration requires activating a physical sensor or
performing network I/O. In this paper we address the prob-
lem of searching for a given input pattern in an unknown
graph, while minimizing the number of required exploration
actions. This problem is analyzed theoretically. Then, al-
gorithms that choose which part of the environment to ex-
plore next are presented. Among these are adaptations of ex-
isting algorithms for finding cliques in a known graph as
well as a novel heuristic algorithm (Pattern∗). Addition-
ally, we investigate how probabilistic knowledge of the exis-
tence of edges can be used to further minimize the required
exploration. With this additional knowledge we propose a
Markov Decision Problem (MDP) formulation and a Monte-
Carlo based algorithm (RPattern∗) which greatly reduces
the total exploration cost. As a case study, we demonstrate
how the different heuristic algorithms can be implemented
for the k-clique pattern as well as for the complete bipartite
pattern. Experimental results are provided that demonstrate
the strengths and weaknesses of the proposed approaches on
random and scale-free graphs as well as on an online web
crawler application searching in Google Scholar. In all the
experimental settings we have tried, the proposed heuristic
algorithms were able to find the searched pattern with sub-
stantially less exploration cost than random exploration.

Keywords: Heuristic search, Unknown graphs, Subgraph iso-
morphism

1. Introduction

Many real-life problems can be modeled as prob-
lems on graphs, where one needs to find subgraphs that
have a specific structure or attributes. Examples of such
subgraph structures are shortest paths, any path, short-
est traveling salesperson tours and cliques. Most classi-
cal algorithms that solve such graph problems assume

that the structure of the graph is given either explic-
itly, in data structures such as adjacency list or adja-
cency matrix, or implicitly, with a start state and a set
of computable operators (e.g., moving a tile in a slid-
ing tile puzzle state). The complexity of such search
algorithms is therefore measured with respect to CPU
time and memory demands. We refer to such problems
as problems on known graphs.

By contrast, there are domains that can be modeled
as graphs, where the graph structure is not known a-
priori, and exploring vertices and edges requires a dif-
ferent type of resource, that is, neither CPU nor mem-
ory. For example, a robot navigating in an unknown
terrain, where vertices and edges correspond to physi-
cal locations and roads, respectively. Acquiring knowl-
edge about the vertices and edges of the searched graph
may require activating a physical sensor and possibly
mobilizing the robot, incurring a cost of fuel (or any
other energy resource). Another example is an agent
searching the World Wide Web, where the web sites
and hypertext links represent the vertices and edges of
the searched graph, respectively. Since the web is ex-
tremely large and dynamic, accessing vertices requires
sending and receiving network packets (e.g., HTTP re-
quest/response). We refer to such problems as prob-
lems on unknown graphs.

Solving problems in unknown graphs (as well as in
any other type of graph problem) requires exploring
some parts of the graph. We define an exploration ac-
tion for a vertex as an action that discovers all its outgo-
ing edges and neighboring vertices. Such exploration
actions are associated with a cost, denoted hereafter as
exploration cost. This exploration cost is often concep-
tually different than the traditional computational ef-
fort (of CPU and memory). In the web graph domain,
for example, the exploration can correspond to sending
an HTTP request, retrieving an HTML page and pars-
ing all the hypertext links in it. The hypertext links are
the outgoing edges, and the connected web sites are the
neighboring vertices. The associated exploration cost
includes the network I/O of sending and receiving IP
packets. For a physical domain, where a robot is nav-
igating in an unknown terrain, the exploration is done
by using sensors at a location to discover the near area,
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e.g., the outgoing edges and the neighboring vertices in
the map. The associated exploration cost includes the
cost of activating sensors at a vertex. In both cases the
CPU and memory costs are often negligible in compar-
ison to the other exploration costs. An important task,
which is addressed in this paper, is to solve the prob-
lem while minimizing the exploration cost. This is es-
pecially important when computational CPU cost is of
lesser importance and can be neglected as long as it is
running in time that is tractable.

In this paper, we address the problem of searching
for a specific pattern of vertices and edges in an un-
known graph while aiming to minimize the exploration
cost. Starting from a single known vertex, the search is
performed in a best-first search manner. In every step,
if the desired pattern does not exist in the known part of
the graph a single “best” vertex is chosen and explored.
This process is repeated until the desired pattern is
found or until the entire unknown graph is explored.
Several general heuristic algorithms are proposed for
choosing which vertex to explore next: KnownDegree,
Pattern∗ and RPattern∗. KnownDegree is a straight-
forward adaptation of a common known graph heuris-
tic, in which the vertex with the highest degree is
explored first. Pattern∗ exploits the structure of the
searched pattern by choosing to explore the vertex that
is “closest” to being a part of the searched pattern. A
metric for “closeness” of a vertex to a pattern is pre-
sented. With this “closeness” metric, Pattern∗ has the
property of returning a tight lower bound on the num-
ber of exploration steps required to find the searched
pattern. For scenarios where probabilistic knowledge
of the unknown graph is available, we propose the
RPattern∗ heuristic algorithm. RPattern∗ is a ran-
domized heuristic algorithm that chooses the next ver-
tex to explore by applying a Monte-Carlo sampling
procedure in combination with Pattern∗ as a default
heuristic.

To demonstrate the applicability of the proposed
heuristic algorithms, we describe how to implement
them for two specific patterns: a k-clique and a com-
plete (p-q)-bipartite graph. We develop the concept of
a potential k-clique and a potential complete (p-q)-
bipartite graph, along with supporting corollaries that
allow efficient implementation of the Pattern∗ heuris-
tic algorithm for these patterns. Empirical evaluation
were performed on the k-clique pattern, by applying
the proposed heuristic algorithms when searching ran-
dom and scale-free graphs. Results show that the per-
formance of Clique∗ and RClique∗ (the k-clique vari-
ants of Pattern∗and RPattern∗respectively), in terms

of exploration cost, is equal to and often much better
than an adaptation of the state-of-the-art clique search
algorithm. The strengths and weaknesses of the differ-
ent heuristic algorithms are evaluated. We also imple-
mented and evaluated the algorithms on a web crawler
application, where the papers that are accessible via
Google Scholar are the vertices of the searched un-
known graph. Results show that using Clique∗, cliques
are found more often and with less exploration cost
compared to KnownDegree and random exploration.

Beyond the value of investigating such a basic prob-
lem in the unknown graph setting, finding patterns in
an unknown graph has practical applications in real-
world domains. For example, finding a set of physical
locations forming a clique suggests the existence of a
metropolitan area. Another example is a set of scien-
tific papers, where finding a set of papers that reference
each other suggest resemblance in content. Therefore
finding such a cluster of referencing papers can be use-
ful in a data mining context (complemented by a tex-
tual data mining approach), where the goal is to find a
set of scientific papers from a given subject. Section 8
describes experimental results of such a web crawler
application where a k-clique of referencing papers is
searched in Google Scholar.

This paper is organized as follows. First we for-
mally define the problem of finding a pattern in an un-
known graph (Section 2) and list related work (Sec-
tion 3). Then, a best-first search framework for solv-
ing this problem is described (Section 4). Several de-
terministic heuristic algorithms are given for this best-
first search framework (Section 5), as well as a heuris-
tic algorithm that can exploit probabilistic knowledge
of the searched graph (Section 6). Following, we ana-
lyze the proposed best-first search framework theoret-
ically (Section 7) and compare the described heuris-
tic algorithms experimentally (Section 8).The paper
finally concludes with a discussion and future work
(Section 9).

A preliminary version of this paper already ap-
peared [1] focusing on searching for the k-clique pat-
tern in an unknown graph. In this paper we take a big
step beyond that work, as detailed in Section 3.

2. Problem Definition

Following are several definitions and notations re-
quired for formally describing the problem of finding
a specific pattern in an unknown graph.
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Some graph problems are given a graph as input ex-
plicitly, in data structures such as adjacency list or ad-
jacency matrix. All the vertices and edges of the graph
are easily accessible by searching the given data struc-
ture. We call such problems explicitly known graph
problems. In other graph problems, the graph is given
as input implicitly, by an initial set of vertices and a
set of computational operators. These operators can be
applied to a vertex to discover its neighbors. Conse-
quently, the vertices and edges of the graph can be dis-
covered by applying the given operators. We call such
problems implicitly known graph problems. Prominent
examples of implicitly known graph problems are var-
ious combinatorial puzzles such as the sliding tile puz-
zles and Rubik’s cube. Similarly, state graphs of plan-
ning problems are also given implicitly. In general, we
regard both explicitly known graph problems and im-
plicitly known graph problems as known graph prob-
lems.

In this paper we focus on a different type of prob-
lems, that we call unknown graph problems. Similar
to the implicitly known graph problems, in unknown
graph problems, the vertices and edges of the graph are
not given in advance, except for an initial vertex. By
contrast, in an unknown graph problem the vertices and
edges of the graph cannot be accessed via any compu-
tational operator alone. Exploring vertices and edges
of the graph requires applying exploration action that
incur a different cost than CPU cycles. In an unknown
graph problem we aim at minimizing this cost.

Let G = (V,E) be the initially unknown graph, i.e.,
the searched graph, and let GP = (VP , EP ) be the
searched pattern. The input to the problem addressed
in this paper is the pattern graph GP , a single vertex s
from the searched graph G, and an exploration action,
which is defined next.

Definition 1 [Explore]
Explore:V → 2V is a function that returns all the
neighbors of a given vertex in the searched graph.

This exploration model is inspired by the fixed graph
model [2]. Each exploration action has a corresponding
exploration cost which depends on the vertex:

Definition 2 [Exploration Cost]
The function ExpCost : V → R+ returns the cost of
exploring a given vertex.

The cost function is additive, meaning that the total
cost of multiple exploration actions is the summation
over all the exploration costs of the explored vertices.
Now we can define the problem of finding a pattern in
an unknown graph:

Definition 3 [Subgraph isomorphism problem in an
unknown graph]
Given a pattern graph GP , a vertex s in the searched
graph G and an exploration action Explore() with an
associated exploration cost ExpCost(), the goal is to
find a subgraph of G that is isomorphic to GP with
minimal exploration cost.

Note that finding a subgraph that is isomorphic
to GP requires finding all the vertices and edges of
that subgraph. In this paper we simplify the prob-
lem by assuming a constant exploration cost C, i.e.,
∀v ∈ V ExpCost(v) = C for some C. This is moti-
vated by a number of real world scenarios such as the
following examples: (1) a central controller that can be
queried to provide the exploration data, and (2) query-
ing a web page from a single host (this example is fur-
ther justified in Section 8). For simplicity and without
loss of generality, we will assume in the rest of the pa-
per that C = 1. This focuses the problem on mini-
mizing the number of vertices that are explored before
finding the desired pattern in the searched graph.

Also, for clarity of presentation we assume that the
searched graph is a connected and undirected. Ex-
tending the results in the paper to directed graphs is
straightforward. In Section 4 we briefly discuss the
case of an unknown graph with more than a single con-
nected component.

3. Related Work

There are several problems that have already been
researched in the context of an unknown domain that
can be represented as a graph. A prominent exam-
ple is the exploration problem, where the goal is to
visit all the locations (vertices) in an unknown environ-
ment. Much work has been previously done on explo-
ration [3,4,5,6,7,8,2] for various types of graphs and
agents. The key difference between our work and ex-
ploration is that while in an exploration task the goal is
to explore all the vertices, we try in our work to avoid
exploring the entire graph in order to minimize the ex-
ploration cost. Indeed, as the results in Section 8 show,
the desired pattern can often be found without explor-
ing large parts of the unknown graph.

3.1. Pathfinding

Another related topic is path finding in an unknown
environment, where the goal is to find a path between
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two locations. This challenge has been researched ex-
tensively in the fields of robotics and artificial intelli-
gence. Navigation is a special variant of path finding
in an unknown environment, in which exploring a ver-
tex requires moving to it and the goal is to minimize
the movements until a path is found. There are many
navigation algorithms for numerous variations of the
navigation problem [9,10,11,12]. Examples of naviga-
tion variants include performing a navigation task be-
tween 2 vertices repeatedly, with a single agent [13]
and with multiple agents and various communication
paradigms [14]. Another work studied the problem of
distributed navigation of multiple agents. [15].

Pathfinding problems are often regarded in the con-
text of real-time search. In real-time search the goal is
to find an efficient path to a goal, but the amount of
runtime allowed until a movement has to be performed
is limited. As a result, the navigation planning and exe-
cution are interleaved. There are many real-time search
algorithm, such as Real-Time A* and Learning Real-
Time A* [10], Prioritized LRTA* [16], Time-Bounded
A* [17] and more. In the unknown graph context we
do not assume any real-time constraints on the runtime
between exploration actions.

Many navigation algorithms try to find any path to
a goal location. Roadmap-A* [18] is a pathfinding al-
gorithm that does impose constraints on the length of
the resulting path, while Physical A* [19,20] finds the
shortest path in an unknown physical graph.

Notice that Physical A* and Roadmap-A*, as well
as all the navigation algorithms described above, are
designed for a physical unknown graph, i.e., where the
cost of exploring a vertex is the distance from the last
vertex explored (as a physical entity needs to move
from the last vertex that has been explored to the new
one). In this work we focus on a different problem
(finding a pattern in a graph) with a different explo-
ration cost model (constant exploration cost).

While navigation and path finding problems are very
important, the goal of the work presented in this paper
is to find a specific pattern of vertices and edges, and
not a path to a single vertex.

3.2. Searching for a Pattern in a Graph

Finding patterns in a graph is a well known NP-
Complete problem [21], also known as subgraph iso-
morphism. Ullman presented the classical backtrack-
ing and pruning algorithm [22]. Much work has fol-
lowed that improves this algorithm with better vertex
ordering [23] or by partitioning the graph to pieces and

applying dynamic programming [24]. For the special
case of planar graphs it is even possible to find patterns
in linear time [25].

An important and well studied special case of
searching for a pattern in a graph is the problem of find-
ing a clique in a graph. This problem is NP-Complete
as well [21]. Bron and Kerbosch presented the clas-
sical algorithm for finding all the maximal cliques in
a graph [26]. Many algorithms exist for finding the
largest clique in a graph [27,28,29]. However, most
clique algorithms are designed for explicitly known
graph problems, and exploit a priori knowledge of the
graph. For example, a common heuristic when search-
ing for a clique is to start the search with the vertex that
has the highest degree or by pruning vertices that have
low degree. In an unknown graph, pruning all the ver-
tices that have such a property (a low degree), requires
exploring the entire graph, which is not relevant if we
wish to minimize the exploration cost.

The state-of-the-art algorithms for finding the larg-
est clique in a known graph are based on local search
[30,31,32,33]. In Section 8.1 we describe these in more
details. Furthermore, we propose how to adapt them to
the unknown graph setting and discuss the limitations
of these local search algorithms.

A closely related work is the preliminary work on
searching for k-cliques in physical unknown graphs
with a swarm of agents [34]. In that work, each agent
was directed to explore the closest largest clique in the
known graph. First, this paper goes beyond the specific
clique pattern and addresses the more general problem
of searching for any specific pattern. Second, there is
a key difference between the physical unknown graph
setting and the setting described in this paper. We ad-
dress unknown graphs that are not necessarily phys-
ical, which means that a vertex is not necessarily a
physical location. Therefore the requirement that an
agent should be physically located in a vertex v in or-
der to explore it is dropped. Thus the two-level ap-
proach that is used for physical unknown graphs is
not appropriate, as the lower level is redundant. Third,
the focus of that work was mainly on task allocation
for multiple agents. In this paper we consider a single
agent, and provide theoretical analysis of our problem
in addition to experimental results.

A preliminary version of this paper appeared ear-
lier [1], discussing only the specific k-clique pattern.
This paper contains several contributions over the pre-
viously published paper. We generalize the problem
from the specific pattern of a k-clique to the prob-
lem of searching for any pattern. This generalization
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Procedure Explore
Input: v ∈ Vgen, The vertex to explore

1 Vexp ← Vexp ∪ {v}
2 Vgen ← (Vgen \ {v})∪ (neighbors(v) \ Vexp)
3 Vknown ← Vknown ∪ neighbors(v)
4 Eknown ← Eknown ∪ {e ∈ E|e = (v, u),∀u ∈
neighbors(v)}

includes theoretical analysis and new heuristic algo-
rithms. Also, the empirical evaluation is more exten-
sive than previous work, including comparison with an
existing k-clique algorithm that was adapted to the un-
known graph setting (Section 8.1).

4. Best-First Search in an Unknown Graph

According to our problem definition (Definition 3),
the task in an unknown graph problem is to minimize
the exploration cost and not the computational effort.
Therefore, it is worthwhile to store all the parts of the
searched graph that have been returned by an explo-
ration action. Let Vknown be a set containing the initial
vertex s and all of the vertices that have been returned
by an exploration action.

Definition 4 [Known Subgraph]
Gknown = (Vknown, Eknown) represents the subgraph
of the searched graph that contains all the vertices in
Vknown and the edges between them.

In this paper, Gknown is referred to as the known
subgraph ofG, or simply the known subgraph. For ease
of notation, we borrow the terms expand and generate
from the classical search terminology in the following
way. Applying an exploration action (Definition 1) to
vertex v will be referred to as expanding v and gener-
ating the neighbors of v. During the search, we denote
Vexp ⊆ Vknown as the set of all the vertices that have
already been expanded, and Vgen = Vknown \ Vexp as
the set of all the vertices that have been generated but
not expanded. Notice that new vertices and edges are
added to Gknown only when expanding vertices from
Vgen, as all the other vertices in Gknown have already
been expanded. A typical vertex goes through the fol-
lowing stages. First it is unknown. Then, when it is
generated it is added to Gknown. Finally, when it is ex-
panded, it is moved to Vexp and its incident edges and
neighboring vertices are also added to Gknown.

Procedure Explore() lists how the lists described
above (Vexp,Vgen, Vknown and Eknown) are updated

when a vertex v from Vgen is expanded. Vertex v is
inserted to Vexp (line 1). All neighbors of v that have
not been expanded yet are added to Vgen while v is
removed from Vgen (line 2). Finally, Gknown is up-
dated with the vertices and edges that are connected to
v (lines 3–4).

S 

A 

B 
C 

S 

A 

B 
C 

D 

Explore(S) Explore(A) 

S 

Start 

Figure 1. Example of exploring an unknown graph.

As an example of the exploration process, consider
the two graphs displayed in Figure 1. Initially, only
vertex S is known. Then, S is explored. The known
subgraphGknown after exploring vertex S is shown on
the middle graph in Figure 1. All the neighbors of S
are added to Vgen and S is added to Vexp. Then, A
is explored and the corresponding known subgraph is
shown on the right graph in Figure 1. As can be seen,
when vertexA is explored, vertexD is discovered, and
will now be added to Vgen. Since vertexA has just been
explored, it is moved from Vgen to Vexp. Also, the edge
between A and C and the edge between A and B are
now added to Gknown.

Searching for a pattern in an unknown graph is in-
herently an iterative process, in which the graph is ex-
plored vertex by vertex. Since the goal is to minimize
the exploration cost and not the computational effort,
it is worthwhile to trade computation effort for sav-
ing unnecessary explorations. Therefore, we propose
to search an unknown graph in a best-first search man-
ner, as listed in Algorithm 1.

First, the algorithm checks whether there is a sub-
graph in the known subgraph (i.e., Gknown) that is iso-
morphic to GP (test() in line 3). If not, it chooses the
next vertex to explore (line 4) and explores it (line
5). This process is repeated until the desired pattern is
found or the entire graph has been explored (in case the
desired pattern does not exist in G). Corresponding to
a regular best-first search terms, Vgen is the open-list,
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Algorithm 1: Best-first search in an unknown
graph

Input: s, Initial known vertex
Input: GP , the desired pattern

1 Vgen ← s
2 Vexp ← ∅
3 while (Vgen 6= ∅) AND

(test(GP , Gknown)=False) do
4 v ← chooseNext(Vgen)
5 Explore(v)
6 end
7 if test(GP , Gknown)=True then
8 Return True
9 else

10 Return False
11 end

Vexp is the closed-list and the test() action is the goal
test.

Recall that the problem addressed in this paper is
defined for the case where only a single vertex s is
initially known, and the number of vertices in the
searched graph is not known (Definition 3). Under this
setting, if the searched graph is composed of a single
connected component, Algorithm 1 is complete.

This is because Gknown is initialized with s and in
every iteration a vertex is expanded. Hence, eventually
all the vertices on the same connected component as s
will be expanded, finding the searched pattern or veri-
fying that such a pattern does not exist in the searched
graph.

However, Algorithm 1 can be easily extended to a
partially known graph, by simply initializing Gknown
with the set of the initially known vertices. For exam-
ple, if all the vertices in the unknown graph are known,
but the edges are not, then Gknown is initialized as
Gknown = (V, {}) (where V represents all the vertices
in the searched graph). In such a case, every vertex in
the graph can be chosen for exploration. If the graph is
composed of more than a single connected component
then it is easy to see that Gknown must be initialized
with at least one member of each connected component
C ⊆ G.

4.1. Computational complexity

The goal in this paper it to minimize the number
of exploration actions until finding the searched pat-
tern. However, we also provide analysis of the compu-

tational complexity of the algorithms that are presented
in this paper. The computational complexity of an iter-
ation of Algorithm 1 is composed of the computational
complexity of:

1. Checking if the desired pattern is isomorphic to a
subgraph of Gknown (test() in line 3).

2. Choosing the next vertex to explore (chooseNext()
in line 4).

3. Performing the exploration action and update the
known subgraph (explore() in line 5).

First, consider the computational complexity of the
test() action (line 3). Searching for a pattern in a known
graph can be preformed with a backtracking algo-
rithm [22] that is polynomial in the number of ver-
tices in the graph. The degree of the polynomial is
the size of the pattern graph (in the worst case). Tak-
ing the k-clique pattern as an example, the compu-
tational complexity of searching for a k-clique pat-
tern is O(|Vknown|k) in the worst case.1 This is a
worst case analysis and there are many heuristic algo-
rithms that are much more effective in practice [23],
as well as more efficient algorithms for special types
of graphs [25]. In addition, this search can be done in-
crementally, searching in every iteration only the sub-
graph of Gknown that contains the newly added ver-
tices and their neighbors. Notice also that this search is
performed only on the known subgraph (Gknown), and
thus it does not require any exploration cost. Although
the focus of this work is on minimizing the exploration
cost and not computational cost, in all our experimen-
tal settings (Section 8) we have found that the compu-
tational effort of the test() actions is less than a second
for all the k values we have tested.

Next, consider the chooseNext() (line 4) action. This
is the main challenge when searching in an unknown
graph, as this is the only part of the best-first search that
affects the exploration cost. In the following sections
we propose several heuristic algorithms for choosing
the next vertex to explore. These heuristic algorithms
have different computational complexity, ranging from
O(1) heuristics to more computationally exhaustive
heuristic algorithms (e.g., Sections 5.2 and 6.2). Fi-
nally, the computational complexity of updating the
known subgraph, displayed in Procedure Explore(), is
linear in the number of neighbors of the explored ver-
tex: simply update Gknown (and supporting data struc-
tures) with the newly added vertices and edges.

1If k ∈ O(|V |) then the problem is NP-complete [21].
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Graph (G) 

)GpPattern ( 

Figure 2. Example of a subgraph that is not an induced subgraph.

5. Deterministic Heuristics

Next we describe several heuristic algorithms for
choosing the next vertex to explore and discuss their
analytical properties.

5.1. KnownDegree

Consider again the example of finding a k-clique in a
graph. A very common and effective heuristic used for
the k-clique problem in known graphs is to search first
vertices with a high degree [28]. Vertices with a high
degree are more likely to be a part of a k-clique, than
vertices with a lower degree [35]. This is also true for
any pattern - vertices with high degree are more likely
to be part of any specific pattern. This is because the
problem we address in this paper is to find a subgraph
of G that is isomorphic to the pattern graph (See Defi-
nition 3 above), and not an induced subgraph. A graph
G′ = (V ′, E′) is a subgraph of a graph G = (V,E) if
all the vertices and edges in G′ exist in G, i.e., V ′ ⊆ V
andE′ ⊆ E. Thus, if the a vertex in the searched graph
has more edges then its corresponding vertex in the
pattern graph, it can still be “matched” to it.2 For ex-
ample, consider the pattern Gp and graph G displayed
in Figure 2. G contains a subgraph that is isomorphic
to Gp (marked by red circles), but G does not contain
an induced subgraph that is isomorphic to GP .

Since the real degree of a vertex v ∈ Vgen is not
known as it has not been expanded yet, we consider its
known degree, which is the number of expanded ver-
tices that are adjacent to v, i.e., v was seen when these
nodes were expanded. We denote by KnownDegree
the algorithm that chooses to expand the vertex with
the highest known degree in Vgen. For example, con-

2By contrast, G′ is an induced subgraph of G if all the vertices and
edges in G′ exist in G, and all the edges in G between the vertices
in V ′ exist in E′.

E

S

F

I

JG

H

D

BA

C

L

MK

N

Figure 3. Example of KnownDegree .

sider the graph in Figure 3. Throughout this paper, we
will mark expanded vertices in gray, and generated ver-
tices in white. The generated vertex G has a known de-
gree of 4 (it was seen from vertices A,B,C and D when
they were expanded), vertices H,I and J have a known
degree of 3, and vertices K,L,M and N have a known
degree of 2. Hence, KnownDegree will choose to ex-
pand vertex G.

In terms of computational complexity, it is possible
to implement KnownDegree with onlyO(D · log(|V |)
overhead in each iteration, where D is the maximum
degree of a vertex in G. This can be done by storing
all the vertices in Vgen in a priority queue ordered by
the known degree of the vertices. In every iteration a
maximum of D vertices will have their known degree
updated, causing log(D ·|Vgen|) operations to maintain
the priority queue, and |Vgen| is bounded by |V |.

An obvious shortcoming of KnownDegree is that
it ignores the actual pattern that is searched. Next we
propose a more sophisticated heuristic algorithm that
considers the structure of the searched pattern.

5.2. Pattern∗

The next heuristic algorithm that we present is called
Pattern∗. Pattern∗ estimates the number of explo-
ration actions required until the searched pattern is
found. It then uses this estimation to choose the next
vertex to expand.

We first define the concept of extending the known
subgraph.

Definition 5 [Extension of the Known Subgraph]
A graph G′ is denoted as an m-extension of Gknown if
it is possible that after expanding m vertices, Gknown
will be equal to G′.

We say that a graph G′ is an extension of Gknown
if there exists a number m such that G′ is an m-
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Known Graph (Gknown) Pattern (GP) G’ (matching 1-extension) 
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Figure 4. Example of a matching extension and the Pattern∗

heuristic algorithm.

extension of Gknown. Next, we define the set of all m-
extensions that contain a subgraph that is isomorphic
to the searched pattern GP .

Definition 6 [Matching Extensions]
The set of all m-extensions of Gknown that include a
subgraph that is isomorphic to the searched pattern
GP is referred to as the set of matching m-extensions
and denoted byMEm.

For a given vertex v, we refer to the subset of match-
ing m-extensions in which v is a part of the subgraph
that is isomorphic toGP as the matchingm-extensions
of vertex v, and denote it byMEm[v]. For every vertex
v, the minimal m such thatMEm[v] 6= ∅ is referred to
as the pattern distance of v.

As an example, consider the graphs displayed in Fig-
ure 4. The left graph is the searched pattern GP , and
the graph in the middle is the known subgraphGknown.
The rightmost graph in Figure 4 denoted byG′ is a pos-
sible 1-extension. G′ is a 1-extension because it might
be discovered after one exploration action - if either
vertex Z or Y are expanded next and an edge between
them will be discovered. In addition, G′ is a match-
ing 1-extension, since it contains a subgraph that is iso-
morphic to the searched pattern - the subgraph with the
vertices {S,A,B,Z, Y }. Thus in this case the pattern
distance of vertex Z or Y is one. Using the notations
described above, we have that G′ ∈ ME1 as well as
G′ ∈ME1[Z] and G′ ∈ME1[Y ].

Informally, the Pattern∗ heuristic algorithm pre-
sented next chooses to expand the vertex that is the
“closest” to the searched pattern, where “closeness” of
a vertex v is measured by the pattern distance of v. Al-
gorithm 2 describes Pattern∗ in details.m (the pattern
distance) is initialized by one. If no vertex has any m-
extensions,m is incremented. Otherwise, Pattern∗ re-
turns a random vertex amongst the vertices that have a
matching m-extension. Note that after at most |GP | it-

Algorithm 2: Pattern∗

Input: GP , The searched pattern
Input: Gknown, The known subgraph
Input: Vgen, The list of vertices that can be

expanded next
Output: The next vertex to expand

1 for m=1 to |GP | do
2 Vmatch ← {v ∈ Vgen||MEm[v]| > 0}
3 if Vmatch is not empty then
4 return a random vertex from Vmatch
5 end
6 end

erations a vertex must be returned, since after expand-
ing |GP | vertices there is an extension where new ver-
tices (i.e., vertices that were not in Gknown) form the
desired pattern.

As an example of Pattern∗, consider again the pat-
tern and the known subgraph displayed in Figure 4. In
the next iteration, either vertex Z, Y,X,W or V will
be chosen for expansion. It is easy to see that vertices
Z and Y have a matching 1-extension, displayed in the
right part of Figure 4. By contrast, vertices X,W and
V do not have a matching 1-extension, as they cannot
be connected to the previously expanded vertices (S,A
andB). Thus, Pattern∗ will not returnX,W or V and
choose randomly to return either Z or Y .
Pattern∗ has the following property.

Theorem 1 The pattern distance of the vertex that is
returned by Pattern∗ is a tight lower bound on the
number of expansions required until the searched pat-
tern is found.

This lower bound is tight in the sense that no larger
lower bound exists. 3

Proof: Assume by negation that it is possible to reach
the searched pattern after C expansions, while the ver-
tex v returned by Pattern∗ has a pattern distance of
C ′ > C. If the searched pattern can be reached after C
expansions, then there exists a C-extension of Gknown
denoted by G′ that contains a subgraph that is isomor-
phic to the searched patternGP . Therefore, there exists
a vertex v′ ∈ Vgen that has a matching C-extension.

3If one knew the unknown graph, then clearly a higher lower
bound could be achieved. However, this is not the case in an un-
known graph problem. The described above lower bound is tight in
the sense that given Gknown and Vgen it is the highest lower bound
that can be given. In other words, there is a graph G′ that is an ex-
tension of Gknown that violated any higher lower bound (i.e., in G′

the searched pattern can be found with less node expansions).
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Figure 5. Example of potential patterns.

This contradicts the fact that v has been returned by
Pattern∗, since by definition of Pattern∗ there is no
vertex in Vgen with a m-matching extension for any
m < C ′.�.

A key challenge when implementing Pattern∗ is
how to identify if a vertex has a matching m-extension
for a given value ofm. In general, this is intractable, as
the number of matching m-extensions can be infinite,
since we do not known the number of vertices in the
searched graph. Also, checking if each m-extension
is a matching m-extension requires solving the NP-
Complete problem of subgraph isomorphism. Thus,
Pattern∗ is clearly more computationally intensive
than KnownDegree. However, it can be implemented
more efficiently for specific patterns. Next, we demon-
strate such an implementation for the k-clique pattern
and the pattern of a complete bipartite graph.

5.2.1. The k-Clique Pattern
In order to implement Pattern∗ for the k-clique, we

introduce the concept of a potential k-clique and sup-
porting terms.

Definition 7 [Potential k-Clique]
A set of vertices PCk ⊆ Vexp is a potential k-clique
if there exists an extension of Gknown that contains a
k-clique Ck such that PCk = Ck ∩ Vexp.

As an example, consider the graph in Figure 5. The
set {S, F,G} is a potential 5-clique, since if vertices Y
and Z will be expanded, they might turn out to be con-
nected to each other, and as a result the set of vertices
{S, F,G, Y, Z} will form a 5-clique. By contrast, the
set {S,H, I} is not a potential 5-clique, since vertices
H and I will never have an edge between them, as they
do not have an edge in the known subgraph, and they
have already been expanded.

For ease of notation, we define the gcn function, that
can be applied to any group of expanded vertices.

Definition 8 [Generated Common Neighbors]
Let V ′ be a set of expanded vertices. Then gcn(V ′) =⋂
v∈V ′ neighbors(v) ∩ Vgen, if V ′.

For example, gcn({S, F,G}) = {Y,Z} for the graph
in Figure 5.

The relation between a potential k-clique and find-
ing a matching m-extension for the k-clique pattern is
as follows. A generated vertex v has a matching m-
extension if there is a potential k-clique PCk such that
m+|PCk|+1 ≥ k and v is connected to all the vertices
in PCk (i.e., v ∈ gcn(PCk)). Conversely, it is possi-
ble to check if a vertex v has a matching m-extension
for the k-clique pattern, by checking if there exists a
potential k-clique PCk such that v ∈ gcn(PCk) and
m ≥ k − |PCk| − 1. The following corollary presents
easy-to-compute conditions for checking if a set of ver-
tices is a potential k-clique.

Corollary 1 A set of vertices PCk ⊆ Vexp, where
|PCk| < k, is a potential k-clique if and only if

1. PCk is a clique.
2. |gcn(PCk)|+ |PCk| ≥ k.

Proof: (⇐) Let m be the number of vertices in PCk
(i.e. m = |PCk|). By definition, all the vertices in
gcn(PCk) have been generated but have not been ex-
panded yet. Therefore, there exists an extension G′

where the vertices in gcn(PCk) form a clique. Hence,
in G′ the vertices in gcn(PCk) ∪ PCk also forms a
clique, since all the vertices in gcn(PCk) are neigh-
bors of all the vertices in PCk (Definition 8). Since
|gcn(PCk)| + |PCk| ≥ k we have that G′ contains a
k-clique gcn(PCk)∪PCk, and thus PCk is a potential
k-clique as required (Definition 7).

(⇒) Assume that a set of vertices PCk is a poten-
tial k-clique. According to Definition 7 this means that
there exists a k-clique Ck in an extension of Gknown
such that PCk ⊂ Ck. Every subset of vertices of a
clique also forms a (smaller) clique. Thus PCk must
also be a clique. Furthermore, every vertex inCk\PCk
must be connected to every vertex in PCk (or else Ck
would not not be a clique). Thus PCk must also have
k − |PCk| common neighbors as required.�

Recall, that the Pattern∗ heuristic algorithm chooses
to expand the vertex with the lowest pattern distance. It
is easy to see that every vertex with the lowest pattern
distance is in fact a member o the gcn of the largest
potential k-clique. Implementing Pattern∗ for the k-
clique pattern can therefore be done by choosing to ex-
pand a random vertex from the gcn of the largest po-
tential k-clique.4 For clarity and to conform with pre-

4If there are several potential k-cliques of the same largest size,
choose a random vertex from the union of their gcn.
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Procedure IncrementalUpdate
Input: v, The vertex that was just expanded

1 foreach PC in PCk do
2 if v is a neighbor of all the vertices in PC

then
3 PC ′ ← PC ∪ {v}
4 if |gcn(PC ′)| ≥ k − |PC ′| then
5 Add PC ′ to PCk
6 end
7 if |gcn(PC)| < k − |PC| then
8 Remove PC from PCk
9 end

10 end
11 end
12 if |gcn({v})| ≥ k − 1 then
13 Add {v} to PCk
14 end

vious publications, we denote by Clique∗ this imple-
mentation of Pattern∗.

There are several ways to implement Clique∗ with
different computational complexities. We give details
on our own implementation which was used in all our
experiments (described in Section 8). Clique∗ was im-
plemented by maintaining a global list of potential k-
cliques, denoted by PCk. Every set of expanded ver-
tices that form a potential k-clique is stored in PCk.
Note that a vertex may be part in more than one poten-
tial k-clique. When a vertex is expanded, PCk is up-
dated incrementally, as follows.

In the beginning of the search, the initial vertex
s is expanded. If s has more than k − 1 neighbors,
then {s} is a potential k-clique, and PCk is set to be
{{s}}. Otherwise, PCk is initialized as an empty set.
Following, after a vertex v is expanded, PCk is up-
dated according to the pseudo code listed in Proce-
dure IncrementalUpdate(), described next.

After a vertex v is expanded, every potential k-
clique PC is examined.5 If v is not a neighbor of all
the vertices in PC, then PC remains unchanged. Oth-
erwise, there are two (not mutually exclusive) options:

1. PC with v is a new potential k-clique that should
be added to PCk (line 5).

2. PC is no longer a potential k-clique, and should
be removed from PCk (line 8).

5In our implementation, we stored a mapping of every vertex
v ∈ Vgen to all the potential k-clique PC that it is in gcn(PC).
Then, only these potential k-cliques should be considered when v is
expanded.

Checking these two options can be done easily ac-
cording to Corollary 1. The first option is checked as
follows. Since v is a neighbor of all the vertices in PC,
then clearly PC ∪ {v} is a clique. Thus if gcn(PC ∪
{v}) ≥ k − |PC ∪ {v}|, then PC ∪ {v} is a new
potential k-clique and should be added to PCk (line 5
in Procedure IncrementalUpdate()). For the second op-
tion, PC was a clique before v was expanded, and thus
PC is still a clique. However, gcn(PC) has decreased
by 1 since v has now been expanded. Thus, PC will
be removed from PCk if |gcn(PC)| < k − |PC|
(line 8). Finally, v itself might start a new potential
k-clique without any other expanded vertex. Thus if
|gcn({v}| ≥ k−1 then {v} is a new potential k-clique
(line 13).

SS B
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SS B

AA C

D

SS B

AA CC

D

(a) (b) (c)

Figure 6. An example of the incremental update of the set of potential
k-clique.

As an example of Procedure IncrementalUpdate(),
consider the graphs in Figure 6 and assume that the
size of the searched clique is 3. Initially, the known
subgraph is the graph displayed in Figure 6(a). At this
stage PC3 = {{S}}, i.e., there is only a single po-
tential 3-clique, consisting of vertex S. {S} is a po-
tential 3-clique since |gcn({S})| = |{A,B}| = 2 ≥
k − |{S}| = 2. Next, vertex A is expanded, result-
ing in the known subgraph becoming the graph in Fig-
ure 6(b). AddingA to the potential 3-clique {S} do not
create a new potential 3-clique, since gcn({S,A}) =
∅. Furthermore, after expanding A the set {S} is no
longer a potential 3-clique, since now |gcn({S})| =
|{B}| = 1. However, {A} is a new potential 3-clique,
since |gcn({A})| = |{C,D}| = 2. Thus after expand-
ing vertex S we have PC3 = {{A}}. Next, assume
that vertexC is expanded, resulting in the graph in Fig-
ure 6(c). Now, the set {A,C} is a potential 3-clique,
since C and A form a 2-clique and |gcn({C,A}| =
|{D}| = 1 ≥ k − |{C,A}| = 2. In fact, at this stage
we can see that {A,C,D} is a 3-clique and the search
can halt.
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The total computational complexity of the imple-
mentation of Clique∗ described above is composed
of two parts: (1) updating PCk according to Proce-
dure IncrementalUpdate(), and (2) returning a vertex
that is in the gcn of the largest member of PCk. The
first step (Procedure IncrementalUpdate()) required
O(|PCk| × |neighbors(v)|). The second step can be
easily integrated into Procedure IncrementalUpdate(),
by storing the largest potential k-clique and returning
one of the vertices in its gcn. The computational com-
plexity of this implementation of Clique∗ is therefore
O(|PCk| × |neighbors(v)|).

5.2.2. Complete Bipartite Graph

K3,2 K2,5 

Figure 7. Examples of complete bipartite graphs.

Next, we demonstrate a method for applying Pattern∗

to the pattern of a complete bipartite graph. A bipartite
graph is a graph whose vertex set can be partitioned
into two subsets X and Y , so that each edge has one
end in X and one end in Y . Such a partition is called a
bipartition of the graph. A complete bipartite graph is
a bipartite graph with bipartition (X,Y ) in which each
vertex of X is joined to all vertices of Y . If |X| = p
and |Y | = q, such graph is denoted by Kp,q [36]. Fig-
ure 7 shows K3,2 and K2,5 [37].

Similar to the definition of a potential k-clique, we
can define a potential Kp,q as follows.

Definition 9 [Potential Kp,q]
A pair of sets of vertices Vp, Vq ⊆ Vexp is a potential
Kp,q if there exists an extension of Gknown that con-
tains a pair of sets of vertices Cp and Cq such that the
following conditions hold:

1. 〈Cp, Cq〉 is a bipartition that forms a Kp,q

2. Vp = Cp ∩ Vexp
3. Vq = Cq ∩ Vexp

As an example, consider again the graph displayed in
Figure 5. The pair 〈{S}, {H, I}〉 is a potential K2,4,
since if vertex W is connected to vertices V and T ,
then the two sets {S,W} and {H, I, V, T} will form a
complete bipartite graph K2,4.

Finding a k-clique requires expanding at least k − 1
members of that k-clique. A similar condition is de-
scribed next for the Kp,q pattern.

Lemma 1 A Kp,q that is composed of the bipartition
〈Cp, Cq〉 is found (i.e., it is in Gknown) if either all the
vertices in Cp are expanded or if all the vertices in Cq
are expanded.

Proof: If all the vertices in Cp are expanded, then
the edges between them and all the vertices in Cq are
added to Gknown and the pattern is found. The same
reasoning apply if all the vertices in Cq are expanded.
By contrast, assume that there exists two vertices vp ∈
Vp and vq ∈ Vq there were not expanded. This means
that the edge between them is not in Gknown. Thus,
〈Cp, Cq〉 is not completely in Gknown. �

The notion of which vertices need to be expanded
to find a pattern is generalized later in this paper in
Lemma 4.

In this section we define gcn({}) = Vgen. Using
this extended definition of gcn and Lemma 1, we give
the following method to check if a set of vertices is a
potential Kp,q .

Corollary 2 A pair of sets of vertices Vp, Vq ⊆ Vexp,
where |Vp| ≤ p and |Vq| ≤ q, is a potential Kp,q if and
only if

1. 〈Vp, Vq〉 is a K|Vp|,|Vq|
2. |gcn(Vp)|+ |Vq| ≥ q
3. |gcn(Vq)|+ |Vp| ≥ p

We omit the proof due to its simplicity.
The relation between a potential Kp,q and a match-

ing m-extension is similar to the relation described
in Section 5.2.1 between a potential k-clique and a
matching m-extension. To describe this relation, the
following notations are used. PKp,q = 〈Vp, Vq〉 de-
notes a potential Kp,q that is composed of the set
of vertices Vp and Vq . A generated vertex v is said
to be connected to a potential Kp,q = 〈Vp, Vq〉 if
v ∈ gcn(Vp) or v ∈ gcn(Vq). Finally, the distance of
a potential Kp,q , denoted by dist(〈Vp, Vq〉), is defined
as min(p− |Vp|, q − |Vq|).

The following lemmas describe the relation between
a matching m-extension and a potential Kp,q .
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Lemma 2 Let PKp,q = 〈Vp, Vq〉 be a potential Kp,q .
There is a matching m-extension for all the vertices in
〈Vp, Vq〉, where m = dist(〈Vp, Vq〉).

Proof: Since PKp,q is a potential Kp,q there exists an
extension ofGknown with aKp,q = 〈Cp, Cq〉 such that
Vp and Vq are part of Cp and Cq respectively. Thus, by
expanding either the remaining p − |Vp| vertices from
Cp, or the remaining q − |Vq| vertices from Cq , the
searched pattern (the Kp,q) will be found (Lemma 1).
Hence, there is a matching m-extension for every ver-
tex in 〈Vp, Vq〉 where m = min(p− |Vp|, q − |Vq|) =
dist(PKp,q) as required. �

Lemma 3 For any vertex v, if there exists a matching
m-extension of v, such that m ≤ min(p, q), then v is
connected to a potentialKp,q with distance equal to or
smaller than m.

Proof: Assume that G′ is a matching m-extension of
vertex v such that m ≤ min(p, q). Let 〈Cp, Cq〉 be the
Kp,q in G′ that contains v. Since m ≤ min(p, q), this
means that at least one vertex u from 〈Cp, Cq〉 has al-
ready been expanded. Thus, there exists a correspond-
ing potential Kp,q = 〈Vp, Vq〉. As vertex v is part of
〈Cp, Cq〉, it is either connected to all the vertices in
Cp or it is connected to all the vertices in Cq . Thus,
v must either be in gcn(Vp) or in gcn(Vq). By defini-
tion, this means that v is connected to 〈Vp, Vq〉. Find-
ing 〈Cp, Cq〉 requires expanding at least all p vertices
in Cp or all q vertices in Cq . Thus m cannot be smaller
than min(p− |Cp|, q − |Cq|) = dist(〈Vp, Vq〉).�

A direct result from Lemma 2 and 3 is the follow-
ing. A vertex with the minimum pattern distance is
connected to a potential Kp,q with minimum distance.
Also, any vertex v that is connected to the potential
Kp,q with minimum distance, is the vertex with the
minimum pattern distance. Thus, one can implement
Pattern∗ for this pattern in a similar manner to the
way described for the k-clique pattern: maintain all po-
tential Kp,q , and in any iteration choose to expand one
of the generated vertices that is connected to the poten-
tial Kp,q with the smallest distance.

Let PCp,q be the set of all potential Kp,q (which
is initially an empty set). Maintaining all the potential
Kp,q can be done in an incremental manner similar to
Procedure IncrementalUpdate. When a vertex v is ex-
panded, every potential Kp,q = 〈Vp, Vq〉 in PCp,q is
examined. Let V ′p = Vp ∪ {v} and let V ′q = Vq ∪ {v}.
If 〈V ′p , Vq〉 is a potential Kp,q according to Corollary 2
add it to PCp,q . If 〈Vp, V ′q 〉 is a potential Kp,q accord-
ing to Corollary 2 add it to PCp,q . If 〈Vp, Vq〉 is not

a potential Kp,q anymore - remove it from PCp,q . Fi-
nally, if |gcn({v})| is larger than p, add 〈{}, {v}〉 to
PCp,q , and if |gcn({v})| is larger than q, add 〈{v}, {}〉
to PCp,q .

The purpose of the above discussion on the complete
bipartite graph pattern is to demonstrate another pat-
tern for which the concepts described for the k-clique
pattern can be applied. In this paper we present experi-
mental results (Section 8) only for the k-clique pattern.

6. Probabilistic Heuristic

The heuristic algorithms described in Section 5 as-
sumed that nothing is known about the searched graph
besides an initial vertex. However, there are many do-
mains where the exact searched graph is unknown but
some knowledge on the probability of the existence of
edges is available. Formally, for every two vertices u
and v, assume that a function P̂ r(u, v) is available that
estimates the probability of having an edge between u
and v. For example, if the searched graph is the World
Wide Web then it is well-known that it behaves like a
scale-free graph [38], which is a graph where the de-
gree distribution of its vertices follows a power law
(i.e., the probability of a vertex having a degree x is
xβ for some exponent β). Furthermore, it is possible
to classify web pages according to their URL [39,40].
Another example that is common in Robotics is a nav-
igator robot in an environment represented by a graph.
The robot may have an imperfect vision of the envi-
ronment, wrongly identifying routes as passable with
some probability [41]. Such a probabilistic knowledge
should affect the choice of which vertex to expand
next. In this section we present heuristics for such
graphs.

6.1. MDP Approach

By adding probabilistic knowledge, the problem of
searching for a pattern in an unknown graph can be
modeled as a Markov Decision Problem (MDP) [42] as
follows. The states are all possible pair combinations
of (Gknown, Vgen). The actions are the exploration ac-
tions applied to each vertex in Vgen. The transition
function between two states (old and new states) is af-
fected by the existence probability of edges that were
added to Gknown in the new state. Finally, the reward
of every action is the negation of the exploration cost of
the expanded node (in our case this is -1). A policy will
be an algorithm for choosing which vertex to expand
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next in every iteration of Algorithm 1. If one knows the
number of vertices in the searched graph, or at least an
upper bound to the number of vertices in the searched
graph, then this MDP is a finite-horizon MDP, where
the horizon is the given upper bound on the number of
nodes in the searched graph. In such a case, an optimal
policy could theoretically be computed, such that the
expected cost would be minimized. By contrast, if one
does not know anything about the number of vertices
in the searched graph, then computing the optimal pol-
icy is problematic even in theory. Note that in the un-
known graph model described in this paper, every ex-
panded node incurs the same negative reward. Thus, a
discounted infinite reward MDP model does not ade-
quately fit our problem.

An alternative formulation of our problem is as
a Deterministic Partially Observable MDP (DET -
POMDP) [43,44], where the partially observable state
is the entire searched graph (and not just Gknown as in
the MDP formulation described above) along with the
list of explored nodes - (G,Vexp), and an observation is
the known subgraphGknown. An action corresponds to
expanding a single vertex. Note that in DET-POMDP,
unlike standard POMDPs, the outcome of performing
an action from a state is completely deterministic - in
our problem this is simply adding the expanded vertex
to Vexp. Furthermore, in DET-POMDP, an observation
is a deterministic function of a state and the performed
action. Similarly, in our problem, given a graph G and
a set of expanded vertices Vexp the known subgraph
(i.e., the observation) will be the subgraph of G that
contains all the vertices and edges that are connected
to at least a single vertex in Vexp.

The main problem in using an off-the-shelf MDP or
POMDP algorithms is the number of possible states.
Initially, only a single vertex is known. Since we do
not know the number of vertices in the searched graph,
the number of states is infinite. Thus it is impossible
to explicitly store the entire belief state or enumerate
all the states in the state space. If the number of ver-
tices in the searched graph is known, then it is theo-
retically possible to employing an MDP or POMDP
solver [45,46,47,48] in order to find the optimal pol-
icy, i.e., the policy that minimizes the expected explo-
ration cost. Unfortunately, the size of the MDP state
space grows exponentially with the number of vertices
in the graph, as it contains all possible subgraphs of G.
If the number of vertices in the unknown graph is n,
then the number of states in the corresponding MDP
will be (n − 1)! · 2(

n
2): (n − 1)! for every possible or-

der of expanding n − 1 vertices, and 2(
n
2) for all the

possible graphs with n vertices (an undirected graph
with n vertices has at most

(
n
2

)
edges). For example, a

graph with 10 vertices requires 9!245 MDP states. This
combinatorial explosion prohibits any algorithm that
requires enumerating a large part of the state space, as
well as algorithms that require explicit representation
of the belief state.

6.2. RPattern∗

In order to still exploit an available probabilistic
knowledge, we propose a Monte-Carlo based sam-
pling technique that combines sampling of the MDP
state space with Pattern∗ as a default heuristic. We
call this heuristic algorithm Randomized Pattern∗ or
RPattern∗ in short. Like the previously presented
heuristic algorithms, RPattern∗ is invoked when choos-
ing which vertex to expand next (line 4 in Algo-
rithm 1). The basic idea is to estimate for every gen-
erated vertex v the future exploration cost until the de-
sired pattern is found by sampling the possible exten-
sions ofGknown in which v was expanded. RPattern∗

will then choose to expand the vertex with the lowest
estimated future exploration cost.

Algorithm 3 presents the pseudo code for RPattern∗.
RPattern∗ requires the following parameters: (1)
MaxDepth, the maximum depth of every sample and
(2) NumOfSampling , the number of samples to con-
struct. Every vertex v in Vgen is assigned a value Q[v],
initialized by zero (line 2 in Algorithm 3). The value
of Q[v] is updated by the sampling process described
next, and it is used eventually to estimate the cost of
finding the desired pattern given that v is expanded
next

The value of Q[v] is updated as follows. In each
sample, G′known is initialized by Gknown (line 4) and
V ′gen is initialized by Vgen (line 5). Then, the outcome
of expanding v is simulated (line 7) using the avail-
able probabilistic knowledge (i.e., the P̂ r function de-
scribed earlier). G′known and V ′gen are updated accord-
ing to the outcome of the simulated exploration. Fol-
lowing, a vertex v′ is chosen (from V ′gen) for simulated
exploration using the Pattern∗ heuristic (line 9). The
outcome of exploring v′ is then simulated, again pos-
sibly adding new edges from v to other vertices (line
10) and updating G′known and V ′gen accordingly. This
process continues until either G′known contains a sub-
graph that is isomorphic to GP or after MaxDepth it-
erations have been performed. If the desired pattern has
been found after d simulated exploration actions, then
Q[v] is incremented by d (line 13) . Otherwise, Q[v] is
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Algorithm 3: RPattern∗

Input: GP , The desired pattern
Input: MaxDepth, Max sample depth
Input: NumOfSampling , Number of samples
Output: The next vertex to expand

1 foreach v in Vgen do
2 Q[v]← 0
3 loop NumOfSampling times
4 G′known ← Gknown
5 V ′gen ← Vgen
6 d← 1
7 simulatedExplore(v,G′known, V

′
gen)

8 while d<MaxDepth And GP * G′known
do

9 v′ ← chooseNext(V ′gen)
10 simulatedExplore(v′, G′known, V

′
gen)

11 d← d+ 1

12 end
13 Q[v]← Q[v] + d
14 if hasPattern(G′known,k)=False then

Q[v]← Q[v] + the pattern distance of v′

15 end
16 Q[v]← Q[v]

NumOfSampling

17 end
18 return argminv∈Vgen

Q[v]

incremented by MaxDepth plus the pattern distance
of the vertex chosen by Pattern∗ (line 14), which is
the best lower bound of the remaining exploration cost
(Theorem 1). All this (lines 4–14) is done for a single
sample. The average value of NumOfSampling sam-
ples is then stored in Q[v] (line 16). This is repeated
for all vertices in Vgen and the vertex with the smallest
Q value is chosen for expansion by RPattern∗.6 Note
that the pattern distance of a vertex v is a lower bound
on Q[v], since the pattern distance is a lower bound on
the cost of finding the desired pattern given that v is
expanded next (Theorem 1).

An important part of RPattern∗ is how the out-
come of an exploration is simulated (line 7 & 10). This
greatly depends on the available probabilistic knowl-
edge of the graph. As described above, in this pa-
per we assume that the available probabilistic knowl-
edge is the probability of any two generated vertices

6Actually, dividing Q[v] by NumOfSampling is redundant, as
this is constant for all the vertices. We leave this for clarity of presen-
tation, to emphasize that Q[v] is designed to estimate the expected
exploration cost.

u, v ∈ Vgen having an edge between them (denoted by
P̂ r(u, v)). By contrast, we do not assume any knowl-
edge on vertices that have not been generated. We
therefore take a myopic approach, considering only
future connections between generated vertices, and
no new vertices are added during a simulated explo-
ration.7 The simulated exploration of vertex v is there-
fore performed by adding an edge between v and any
other generated vertex u with probability P̂ r(v, u).

Consequently, the computational complex-
ity of the simulated exploration of vertex v is
O(|Vgen|). In the worst case, RPattern∗ per-
forms MaxDepth × NumOfSampling simulated
explorations. After every simulated exploration,
Pattern∗ is executed to choose on which vertex
to perform a simulated exploration next. Thus,
the computational complexity of RPattern∗ is
MaxDepth × NumOfSampling times O(|Vgen|),
plus MaxDepth × NumOfSampling times the
computational complexity of Pattern∗.

In summary, RPattern∗ exploits the available prob-
abilistic knowledge to generate samples that are exten-
sions of Gknown (line 7 and 10) and utilizes Pattern∗

for choosing the next vertex to explore during the sam-
pling (line 9) and for estimating the exploration cost in
case the maximum depth has been reached (line 14).
Note that RPattern∗ can be easily implemented as an
anytime algorithm: one can always add more samples
in order to improve the estimated expected exploration
cost. 8

7. Theoretical Analysis

Next, we analyze the effect of the heuristic algo-
rithms described in the previous sections for perform-
ing the chooseNext() action in Algorithm 1 on the ex-
ploration cost of searching for a pattern in an unknown
graph. For pedagogical reasons we first focus on the
k-clique pattern, and then generalizing to any pattern.

Algorithms for chooseNext() can be viewed as on-
line algorithms. An online algorithm is an algorithm
that must process each input in turn, without de-
tailed knowledge of future input [49]. An offline al-
gorithm for chooseNext() would be an algorithm that
receives the entire searched graph G as input (and
could potentially detect whether a k-clique exists) but

7If knowledge is available on the existence of new vertices, it can
be easily incorporated into the simulated exploration.

8This requires a slight modification of Algorithm 3, mainly swap-
ping lines 1 and 3 in the pseudo code.
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is still required to choose vertices for exploration un-
til Gknown contains a k-clique. This is because the
search only halts when Gknown contains the desired
pattern, and chooseNext() can only choose a generated
vertex for exploration. An optimal offline algorithm
for chooseNext() is an algorithm that if used in the
best-first search described in Algorithm 1 will result in
finding the searched pattern with minimum exploration
cost. Using any other algorithm for chooseNext() will
require expanding at least the same number of vertices
as the optimal offline algorithm.

Let d(u, v) be the length of the shortest path between
u and v in the searched graph, and denote by d(v, V ′)
the distance between a vertex v and a set of vertices
V ′, which is defined as d(v, V ′) = minu∈V ′ d(v, u).

Theorem 2 [Optimal offline algorithm] Let C be the
k-clique in the unknown graph that is closest to s,
where closeness is measured by d(s, C). The optimal
offline algorithm for chooseNext() will choose to ex-
pand the vertices that are on the shortest path from s
to C, as well as k − 1 members of C.

Proof: Let Ck be the first k-clique that will be found
using the optimal offline algorithm. It is easy to see
that Gknown contains the k-clique Ck only after k − 1
members of Ck have been expanded. Since only ver-
tices from Vgen may be expanded, Ck cannot be ex-
plored until k − 1 of its members have been added to
Vgen. With the exception of the initial vertex s, a ver-
tex is inserted into Vgen only when one of its neigh-
bors is expanded. Therefore, the minimal set of ver-
tices that must be expanded until Ck is inGknown con-
tains the shortest path from s toCk plus k−1 members
of Ck. Consequently, the minimal exploration cost will
be achieved when Ck is the k-clique that is closest to
s. �

Note that Theorem 2 and all the analysis in this sec-
tion are for undirected graphs. Converting these theo-
rems to directed graphs and pattern is simple. For ex-
ample, a vertex cover of a k-clique in a directed graph
contains all the vertices of that clique. Thus, there is a
graph in which even the optimal offline algorithm will
have to expand all the vertices in the graph before find-
ing the searched clique.

Theorem 3 [Exploration cost analysis] For any k > 2
the following statements hold:

1. [Best case lower bound]: There is no graph G =
(V,E) such that the optimal offline algorithm
will find a k-clique after expanding less than k−1
vertices.
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Figure 8. Scenarios for best and worst case exploration cost

2. [Best case upper bound]: There exists a graph
G = (V,E) such that the optimal offline algo-
rithm will find a k-clique after expanding exactly
k − 1 vertices.

3. [Worst case upper bound]: There is no graph
G = (V,E) such that the optimal offline algo-
rithm will find a k-clique after expanding more
than than |V | − 1 vertices.

4. [Worst case lower bound]: There exists a graph
G = (V,E) such that the optimal offline algo-
rithm will find a k-clique after expanding exactly
|V | − 1 vertices.

Proof: We first prove the best case result. Consider a
graph in which s is a part of a clique of the desired size,
denoted byCk. Figure 8(a) shows an example of such a
graph for k = 5. If only k− 2 vertices were expanded,
then there are two vertices v, u ∈ Ck that have not been
expanded. Since neither of them has been expanded,
the edge between them cannot be in Eknown and thus
the desired k-clique has not been found. On the other
hand, if k − 1 members of Ck have been expanded,
all the edges and vertices of Ck are in Gknown and
therefore Ck is found.

Next, we prove the worst case results. After expand-
ing |V | − 1 vertices, all the edges and vertices in the
graph have been discovered, and thus a k-clique will be
found without expanding the last vertex. For proving
the last statement, consider a graph that is composed
of a chain of vertices starting from s and ending with
a clique of the desired size, denoted by Ck. An exam-
ple of such a graph is presented in Figure 8(b), where
k=5. Ck is the only k-clique in G and is therefore the
closest k-clique to s. Hence, according to Theorem 2
all the |V | − k vertices in the chain must expanded by
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the optimal offline algorithm, along with k − 1 mem-
bers of Ck. This totals to |V | − 1 vertices that will be
expanded by the optimal offline algorithm until the k-
clique is found in Gknown (causing the search to halt)
�

Online algorithms are commonly analyzed using
competitive analysis [50]. In competitive analysis we
try to calculate (or at least estimate or bound) the com-
petitive ratio. This is the maximal ratio over all pos-
sible inputs between the performance of the evaluated
algorithm and the performance of the optimal offline
algorithm. For the problem of finding a k-clique with
minimum exploration actions, this corresponds to the
maximal ratio between the exploration cost of an eval-
uated algorithm and the exploration cost of the optimal
offline algorithm over all possible unknown graphs and
initial vertices. Theorem 4 presents a lower bound of
the competitive ratio of any algorithm for this problem.

Theorem 4 [Competitive ratio of exploration cost]
For any k > 2 and every deterministic online al-
gorithm A for chooseNext(), there exists a graph
G = (V,E) for which the competitive ratio of A is at
least |V |−1k−1 .

Proof: Assume by negation that A is an algorithm that
has a competitive ratio that is smaller than |V |−1k−1 . Let
G = (V,E) be a star-shaped graph without a k-clique,
where all the vertices in the graph are connected only
to s. The left graph in Figure 8(c) is an example of
such a graph. Assuming k > 2 then running algorithm
A on G starting from s will expand all the vertices in
V , until concluding that no k-clique exists. Let Ck−1
be the last k − 1 vertices chosen for exploration by
A. Let G′ be a graph that is identical to G except for
having additional edges between all pairs of vertices
in Ck−1. Thus, Ck−1 form a k-clique with the initial
vertex. The right graph in Figure 8(c) is an example
of such a graph for k=4. G and G′ provide exactly the
same input to A until one of the last k − 1 vertices is
expanded. Thus if A is deterministic, it will choose to
expand exactly the same |V | − (k − 1) vertices in G′

as it chose for G until one of the vertices in Ck−1 is
expanded. Then, A will have to expand at least k − 2
vertices from Ck−1 (as s has already been expanded)
until finally exploring the k-clique, totaling in |V | − 1
vertices expanded until the k-clique has been found.
On the other hand, the optimal offline algorithm will
only expand the k − 1 members of the clique. Thus,
the competitive ratio of algorithm A is at least |V |−1k−1 ,
contradicting the assumption that A has a competitive
ratio lower than |V |−1k−1 . �

7.1. Generalizing to Any Given Pattern

The above theorems can be generalized to any spe-
cific pattern GP = (VP , EP ), using the following sup-
porting claims.

Lemma 4 Gknown contains a subgraph CP that is
isomorphic to GP iff Vexp contains a (not necessarily
minimal) vertex cover of CP .

Proof: (⇐) Let C ′ be a vertex cover of CP that has
been expanded. By definition of Explore() (Defini-
tion 1), all the connecting edges and neighboring ver-
tices of members C ′ have been inserted to Gknown.
Since C ′ is a vertex cover of CP , then all its edges and
vertices are in Gknown.

(⇒) Assume by negation that Vexp does not contain
a vertex cover of CP . Then there exists an edge (u, v)
in CP such that u and v are not in Vexp (i.e., have not
been expanded yet). This means that (u, v) cannot be
in Gknown, contradicting the definition of CP �

Note that a vertex cover of the k-clique pattern is
any k − 1 vertices of the clique. Therefore, as stated
in Theorem 2, even the optimal offline algorithm re-
quires exploring at least k − 1 vertices until a k-clique
is found.

For ease of notation we use the term “a vertex cover
of GP in G” to denote a vertex cover of a subgraph of
G that is isomorphic to GP .

Definition 10 [Smallest connected subgraph with a
vertex cover]
Let minConnectedV C(s,G,GP ) be a function that
returns the smallest connected subgraph ofG (in terms
of number of vertices) that contains the vertex s and
contains a vertex cover of GP in G.

Corollary 3 extends the result from Theorem 2 to the
general case of searching for any pattern.

Corollary 3 [Any pattern optimal offline algorithm]
The optimal offline algorithm will choose to expand
only the vertices in
minConnectedV C(s,G,GP ).

Proof: First we prove that there is an al-
gorithm that expands only the vertices in
minConnectedV C(s,G,GP ) and finds the de-
sired pattern. Then we prove that no algorithm
can find the desired pattern without expand-
ing at least the same number of vertices. Let
G′ = (V ′, E′) = minConnectedV C(s,G,GP ).
Since V ′ contains a vertex cover of GP , then after
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expanding the vertices in V ′, a subgraph of Gknown
that is isomorphic to GP has been found (Lemma 4).
Since G′ is connected and contains s, all the vertices
in G′ can be expanded in a breadth-first order, starting
from s. This expansion order ensures that a vertex is
expanded only after it has been previously generated.
Therefore there is an algorithm that finds the desired
pattern by choosing to expand only the vertices in G′.

Assume by negation that the optimal offline algo-
rithm finds the desired pattern by expanding the set of
vertices V ′′, such that |V ′′| < |V ′|. Recall that G′ is
the minimal connected graph that contains the initial
vertex s and a vertex cover of GP . Clearly, any algo-
rithm will expand the initial vertex s. Thus, either V ′′

does not contain a vertex cover of GP in G, or there is
no connected subgraph ofG that contains only the ver-
tices in V ′′. If V ′′ does not contain a vertex cover GP
in G, then after expanding only the vertices in V ′′, the
known subgraph does not contain an isomorphic sub-
graph of GP (Lemma 4). This contradicts the fact that
the desired pattern has been found after expanding only
the vertices in V ′′. On the other hand, assume that V ′′

does contain such a vertex cover but there is no con-
nected subgraph in G that contains only the vertices in
V ′′. Then there are vertices in V ′′ that cannot be ex-
panded without previously expanding a vertex that is
not in V ′′. It is easy to show that a vertex cannot be
chosen for expansion if there is no path from s to it that
contains only expanded vertices. Thus it is not possi-
ble to expand only the vertices in V ′′, resulting in a
contradiction.

Concluding the proof, there is an algorithm that
finds the desired pattern by expanding only the ver-
tices in minConnectedV C(s,G,GP ), and no algo-
rithm can find the desired pattern by expanding less
vertices. Thus it is optimal �.

The worst case and best case results for the k-clique
pattern shown in Theorem 3 can be seen as a spe-
cial case of Corollary 3. As explained above, a ver-
tex cover of a k-clique is any k − 1 vertices from
that clique. When there is a k-clique connected to the
start state, minConnectedV C(s,G,GP ) will contain
exactly k − 1 vertices. This corresponds to the best
case result stated in Theorem 3. On the other hand,
if the searched graph contains only a single k-clique
that is |V | − k vertices away from the initial vertex
s, thenminConnectedV C(s,G,GP ) will contain ex-
actly |V | − 1, corresponding to the worst case results
in Theorem 3.

Consequently, the best-case result given for k-
cliques in Theorem 3 can be generalized as follows.

Theorem 5 [Exploration cost best-case, searching for
any pattern] For any pattern GP there exists an un-
known graph G = (V,E) such that the optimal offline
algorithm will expand the number of vertices that is
equal to minimal vertex cover of GP in the best case.

Proof: The best case scenario occurs when s is a part
of the minimal vertex cover of GP in G and has edges
to all the other vertices in the minimal vertex cover.
The optimal offline algorithm will then expand s and
only the vertices in the minimal vertex cover, until the
desired pattern is found. Since the desired pattern can-
not be found without expanding a vertex cover of GP
(Lemma 4) then this is the best case.�

The best-case analysis above is correct for any
pattern. Next, we generalize the worst-case and
competitive-ratio results from Theorems 3 and 4 from
the k-clique case to any pattern. This is done for every
pattern that contain at least two vertices with degree
higher than two. We call patterns that do not fulfill this
requirement degenerated patterns, and do not discuss
them in this paper.

Theorem 6 [Exploration cost worst-case, searching
for any pattern] For any non-degenerated pattern GP ,
the following claims holds for the optimal offline algo-
rithm:

1. For any unknown graph that contains GP ,
the optimal offline algorithm will find the
searched pattern after expanding |V | − (|GP | −
|minConnectedV C(v,GP , GP )) vertices.

2. There exists an unknown graph G = (V,E)
that contains GP , where the optimal of-
fline algorithm will find the searhced pat-
tern only after expanding |V | − (|GP | −
|minConnectedV C(v,GP , GP )) vertices.

Proof Since G contains GP , then after expanding
|V | − |GP | vertices at least one vertex from GP is
generated. Following, the optimal offline algorithm
will expand the minimal vertices that are required to
findGP . It is easy to see that this is exactly the vertices
in minConnectedV C(v,G,GP ). Thus, the optimal
offline algorithm will never expand more vertices
than |V | − |GP | + minConnectedV C(v,G,GP ).
Since GP is a subgraph of G, the size of
minConnectedV C(v,G,GP ) cannot be larger
than the size of minConnectedV C(v,GP , GP ).
Thus, the optimal offline algorithm will never
expand more vertices than |V | − (|GP | −
|minConnectedV C(v,GP , GP )).
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Notice that size of minConnectedV C(v,GP , GP )
depends on v, and can be different for the different
vertices in GP . For example, consider a pattern of a
star (one vertex in the middle, with many neighbors),
displayed in the left part of Figure 8(c). If v is the
vertex in the middle (vertex S in Figure 8(c)), then
|minConnectedV C(v,GP , GP )| = 1, containing
only S. By contrast, if v is not the vertex in the
middle, then |minConnectedV C(v,GP , GP )| = 2,
containing v and the vertex in the middle S.
Thus, the optimal offline algorithm will never
expand more vertices than |V | − (|GP | −
max
v∈GP

|minConnectedV C(v,GP , GP )|). This proves

the first claim in the theorem above.
We prove the second claim by showing that such a

worst case scenario exists. Consider a graph that is sim-
ilar to the graph presented in Figure 8(b). The graph
is composed of a chain of vertices starting from S and
ending with the desired pattern. The desired pattern can
be connected to the chain via any of its vertices. In this
worst case graph, the desired pattern will be connected
to the chain via the vertex that will maximize the ex-
ploration cost of the optimal offline algorithm. Thus
only |GP | − max

v∈GP

|minConnectedV C(v,GP , GP )|
will not be expanded �

Using a straightforward generalization of the proof
of Theorem 4, it is possible to conclude that any al-
gorithm cannot achieve a competitive ratio that is bet-
ter (i.e., lower) than |G|−|GP |

|GP | for any non-degenerated
pattern.9 As described in Theorem 4 for the specific
patten of a k-clique, the competitive ratio is |V |−1k−1 .

This is even higher than |V |−kk described in Theorem 4,
because k is at least one and |V | ≥ k.

When the size of the searched graph is much larger
than the size of the pattern graph, then the upper
bound for the competitive ratio of any algorithm is ap-
proximately |G|

|GP | . Note that an algorithm that chooses
which vertex to expand randomly has approximately
the same competitive ratio of |G||GP | . Hence, one might
presume that all algorithms are as effective in finding
the searched pattern as random exploration. However,
this analysis is based on a worst case scenario. Next,
we demonstrate experimentally that the heuristic algo-
rithms presented in Sections 5 and 6 require signifi-
cantly less exploration cost than random exploration in
various settings.

9Note that the trivial patterns such as a chain of vertices are de-
generated patterns, which we do not discuss in this paper.

8. Experimental Results

We empirically compared the different heuristic al-
gorithms presented in this paper for the k-clique pat-
tern by running experiments on various graphs. We
chose to experiment on the k-clique pattern because it
is a well known pattern in the computer science litera-
ture. In every experiment the searched graph was con-
structed according to the following parameters: (1) the
graph structure (random or scale-free), (2) the num-
ber of vertices in the graph (100,200,300 and 400), (3)
the initial vertex and (4) the size of the desired clique
(5,..,9). We verified that the constructed graph con-
tained a clique of the desired size. If it did not, a new
graph was generated. We chose to experiment on rela-
tively small cliques (i.e. the size of the desired clique
is substantially smaller than the size of the searched
graph), as we are interested in scenarios where the k-
clique can be found without exploring almost the entire
unknown graph.

The performance of the different heuristic algo-
rithms was evaluated by running them on the con-
structed graphs, and comparing the exploration cost re-
quired until the desired pattern was found. For compar-
ison reasons, we also ran the following algorithms:

– Random. An algorithm in which the next vertex
to expand is chosen randomly from Vgen. This al-
gorithm serves as a baseline for comparison.

– Lower bound. The optimal offline algorithm de-
scribed in Section 7. This algorithm is used as a
lower bound on the exploration cost of the opti-
mal algorithm, since no algorithm can do better
than the optimal offline algorithm.

– RLS-LTM. An adaptation of a clique search al-
gorithm from the known graph setting to the un-
known graph setting. This algorithm is described
next.

8.1. RLS -LTM

The state-of-the-art algorithms for finding the
largest clique in a known graph are based on local
search [30,31,32,33]. These algorithms begin with a
trivial clique containing a single vertex that is chosen
randomly. Then, an iterative improvement process be-
gins, in which the current clique is extended by adding
a vertex that is connected to all other vertices in the
current clique. This process continues until it is not
possible to extend the clique any further, i.e., there is
no vertex in the graph that is connected to all the ver-
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tices in the current clique. Then a single vertex is re-
moved from the current clique, possible allowing fur-
ther extensions of the new current clique (without the
removed vertex). After performing this process several
times the search restarts, discarding the current clique
and choosing a different initial vertex from which the
search continues. The various local search algorithms
differ by the policy they employ to choose which ver-
tex to remove or add, and by the policy they employ in
choosing when to restart the search.

Recently, it has been shown empirically that for ran-
dom graphs and scale-free graphs the best algorithm in
this local search framework is Reactive Local Search
with Long Term Memory (RLS-LTM) [33]. In RLS-
LTM, whenever a vertex is removed from the current
clique, it is prohibited from being added to the cur-
rent clique for the next T iterations. T is a parameter
adjusted during the search reactively: T is increased
whenever the current clique has already been visited,
and decreased when the current clique is a new clique.
This requires storing all cliques visited throughout the
search (this is the long term memory of RLS-LTM).
Among the vertices that are not prohibited, RLS-LTM
chooses to add to the current clique the vertex that has
the highest degree. If the size of the current clique does
not increase within aA number of iterations, the search
restarts, where A is a parameter. The parameter A was
set to be 100 times the size of the largest clique found
so far, following [33,31].

We have adapted the RLS-LTM clique algorithm
to the unknown graph setting as follows. The current
clique is initialized with the initially known vertex s.
Vertices are added and removed according to the RLS-
LTM algorithm, and when a generated vertex is chosen
to be added to the current clique, it is first expanded (in-
curring an exploration cost). Furthermore, for vertices
that have not been expanded yet the known degree is
used instead of the actual (but unknown) degree, which
is used for tie-breaking in RLS-LTM.

Note that there are two shortcomings for using RLS-
LTM in the unknown graph setting:

1. RLS-LTM is not complete. RLS-LTM is a local
search, and it is therefore not complete. In other
words, a k-clique might exists in the graph and
RLS-LTM will not find it. Due to the prohibition
mechanism used by RLS-LTM, this rarely occurs
for small cliques. This can be remedied by forc-
ing RLS-LTM to expand a generated vertex after
a fixed number of restarts. Thus all the unknown
graph will eventually be expanded and the search
will halt.

2. RLS-LTM focuses on runtime. RLS-LTM was
developed to find cliques fast, not to reduce the
number of vertices encountered (=explored) dur-
ing the search. Thus it ignores the distinction be-
tween expanded and generated vertices.

Nonetheless, we provide experimental results for
this algorithm as well.

8.2. Evaluating the Deterministic Heuristics

First, we have evaluated the proposed deterministic
algorithms on random graphs. In random graphs the
probability that an edge exists between any two ver-
tices in the graph is constant. These graphs have been
extensively used in computer science research as an
analytical model and as benchmarks for evaluating al-
gorithms efficiency [51,52,53]. In our experiments we
generated random graphs as follows. Let n be the num-
ber of vertices in the graph, and k be the size of the
desired clique. First, a graph with n vertices was gen-
erated. Then, edges were added between random pairs
of vertices, until a given number of edges were added.
The number of edges that was added to the graph was
calculated such that the expected number of k-cliques
in the graph would be one. This can be easily cal-
culated by the linearity of expectation [35]. If no k-
cliques existed in the generated graph, the graph was
discarded. This process ensures that the graph contains
a k-clique, but the expected number of k-cliques in the
graph is not large, making the search for a k-clique
more challenging.10

In Figure 9 we compare the average total exploration
cost of searching for a 5-clique using the heuristic al-
gorithms, KnownDegree RLS-LTM and Clique∗ on
random graphs. Every data point is the average over
50 random graphs generated as described above. The
x-axis shows the number of vertices in the graph and
the y-axis shows the average exploration cost, i.e., the
number of vertices expanded until a clique of the de-
sired size was found. The black brackets denote an er-
ror bar of one standard deviation.

The figure shows that all the heuristic algorithms
significantly outperform the random approach. This
improvement grows with the size of the graph but
the difference between the lower bound (computed
by the optimal offline algorithm described in Theo-
rem 2) and the total exploration cost of all of the heuris-

10In a graph with many k-cliques, finding a k-clique is easy, and
as a result it would have been harder to distinguish between the per-
formance of the different algorithms.
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Figure 9. Non probabilistic heuristic algorithms on random graphs.

tic algorithms also increases. Another observation is
that Clique∗ is more effective than KnownDegree and
RLS-LTM for random graphs by up to 20%. This dif-
ference also increases as the number of vertices in the
graph grows.

Although the focus of the algorithms proposed in
this paper is to minimize the exploration cost, we pro-
vide runtime results as well to demonstrate the feasi-
bility of the proposed algorithms. Table 1 displays the
average runtime in milliseconds until a k-clique was
found in random graphs in the same experiment set de-
scribed for Figure 9. The values in the Total column
are the average total runtime in milliseconds and the
values in the Vertex column are the average runtime per
vertex, also measured in milliseconds. As can be seen,
all algorithms found the k-clique under four seconds.
Note that the reported runtime is for all the steps of our
best-first search algorithm (Algorithm 1) including the
test() step, where a search for the desired pattern is per-
formed in the known subgraph. Indeed, searching for
a 5-clique in a graph with several hundreds of vertices
can be done very efficiently.

The runtime complexity per expanded vertex of
KnownDegree as well as random exploration is very
small (see Section 5), and thus the total runtime as seen
in Table 1 is small (less than 300 milliseconds). On
the other hand, the runtime of RLS-LTM is relatively
large (over a second for random graphs with 300 and
400 vertices). In every iteration of RLS-LTM, a local
search is performed in the known subgraph, and a ver-
tex is chosen for exploration only when a generated
vertex is added to the current clique (see Section 8.1
for details). Consequently, the runtime until RLS-LTM
chooses which vertex to expand next is larger than
that of all the other heuristic algorithms. Although in
a worst case analysis, the runtime of Clique∗ is large
(explained in Section 5.2.1), under these settings it is
the fastest. This is because the actual number of poten-
tial k-clique, which dominated the runtime of Clique∗,

is in practice much smaller than the worst case num-
ber (which is exponential in the size of the searched
clique).
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Figure 10. Non probabilistic heuristics on scale-free graphs.

The second set of experiments were performed on
scale-free graphs. In scale-free graphs the degree dis-
tribution of the vertices in the graph can be modeled by
power laws, i.e. Pr(degree(v) ≥ x) = x−β for some
β > 1. Many networks, including social networks and
the Internet exhibit a degree distribution that can be
modeled by power laws [54]. Since one of the domains
which we are interested is the Internet, it is natural to
run experiments on this class of graphs as well. A num-
ber of scale-free graph models exist [55,56,57,54]. We
chose a simple scale-free graph generator model [58]
requiring two parameters: (1) the number of vertices
n and (2) the number of edges m. According to this
model, a graph is generated in two stages. First, a con-
nected graph with n vertices is generated. This is done
incrementally, starting with an empty graph and adding
vertices one at a time. A new vertex v is added to the
graph by connecting it to an old vertex u that is selected
with probability proportional to its degree. Then, after
all the vertices have been added to the graph, m edges
are added by selecting a vertex at random and connect-
ing it to a vertex that is also selected with probability
proportional to its degree.

Figure 10 presents results obtained by performing
a set of experiments with scale-free graphs under set-
tings similar to those of the random graph experiments
described above. Two interesting phenomena can be
observed. First, the improvement in the exploration
cost of all the heuristic algorithms over the random ap-
proach significantly grows when the size of the graph
increases. The improvement is more than a factor of
6 in graphs with 400 vertices. Second, according to
a paired t-test, KnownDegree outperforms RLS-LTM
on all sizes of graphs, and it is even significantly better
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Vertices Clique∗ KnownDegree RLS -LTM Random

Total Vertex Total Vertex Total Vertex Total Vertex

100 11 0 17 0 112 3 20 0
200 49 1 62 1 596 7 86 1
300 72 1 115 1 1,271 10 204 1
400 180 2 256 2 3,491 17 377 2

Table 1
Runtime in milliseconds, on random graphs.

(p-value < 0.1) than Clique∗ on graphs with 400 ver-
tices. Moreover, the average exploration cost of these
three algorithms (Clique∗, KnownDegree and RLS-
LTM) is almost the same, and very close to the lower
bound (calculated by the optimal offline algorithm de-
scribed in Theorem 2).

The improved performance of KnownDegree and
RLS-LTM in scale-free graphs can be explained as fol-
lows. In scale-free graphs a vertex is more likely to
be connected to a vertex with a high degree (this is
known as preferential attachment). Thus, vertices with
high known degree are more likely to be connected
to other generated vertices or to new vertices. Vertices
with high known degree are chosen by KnownDegree

by definition. Furthermore, vertices with high known
degree are more often considered in RLS-LTM, since
such vertices are connected to more vertices than ver-
tices with low known degree. These two arguments ex-
plain the improved performance of KnownDegree and
RLS-LTM on scale-free graphs in comparison with the
results of KnownDegree and RLS-LTM on random
graphs.

In terms of runtime, all the algorithms expect ran-
dom exploration found a 5-clique under 100 millisec-
onds. Furthermore, the differences between the run-
time of the algorithms were insignificantly small. We
therefore omit these results. This is reasonable, since
as seen in Figure 10 all the heuristic algorithms (except
random exploration) found the desired 5-clique with
a very small number of exploration actions - almost
equal to the optimal offline algorithm.

Concluding, on both random and scale-free graph
we have seen that all the heuristic algorithms (Clique∗,
KnownDegree and RLS -LTM ) outperform random
exploration significantly. On random graphs Clique∗ is
superior to all of the other algorithms in terms of ex-
ploration cost, while in scale-free all the heuristic al-
gorithms required very similar exploration cost, with a
slight advantage for KnownDegree.

8.3. A Real Domain of Unknown Graphs from the
Web

We have also evaluated the deterministic heuristic
algorithms on a real unknown graph - the World Wide
Web. This was done by implementing an online search
engine designed to search for a k-clique in the web.
Specifically, we implemented a web crawler designed
to search for a k-clique in academic papers available
via the Google Scholar web interface (denoted here-
after as GS). Each paper found in GS represents a
vertex, and citations between papers represent edges.
We call the resulting graph the citation web graph.
Naturally, the connection in context between papers
is bidirectional (although two papers can never cross
cite each other), thus we model the citation web graph
as an undirected graph. The motivation behind finding
cliques in the citation web graph is to find the rele-
vant significant papers discussing a given subject (as
discussed in the introduction). This can be done by
starting the clique search with a query of the name
of the desired subject or term. In our experiments we
used computer science related terms (e.g., ”Subgraph-
Isomorphism”, ”Online Algorithms”).

The web crawler we implemented operates as fol-
lows. An initial query with a name of a subject or a sci-
entific term is sent to GS. The result is parsed and a list
of hypertext links referencing academic work in GS is
extracted. The crawler then selects which link to crawl
next, and follows that link. The resulting web page is
similarly parsed for links. This process is repeated, al-
lowing the web crawler to explore more and more parts
of the citation web graph. Figure 11 shows an example
of a citation web graph generated by a random crawl,
starting with a GS query of “Sublinear Algorithms”.

In order to gather descriptive statistics of this pro-
cess, 25 graphs were generated by the process de-
scribed above, starting from queries of 25 different
computer science topics and generating 25 correspond-
ing citation web graphs. As could be expected, the
distribution of node degrees in the graphs followed a
power law distribution. Interestingly, many of the cita-
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Figure 11. Citation web graph from a random walk in GS.

tion web graphs contained 4-cliques (95% out of the 25
generated web graphs) and 5-cliques (70% of the gen-
erated web graphs). On the other hand, very few (only
25% of the generated web graphs) contained larger
cliques. Note that every random walk was halted af-
ter exploring several hundreds of vertices, and larger
cliques may be found by further exploration. In ad-
dition, we measured the runtime used by every ex-
ploration, for over 2,500 random explorations of web
pages in GS. The exploration of a vertex included send-
ing an HTTP request, waiting for the corresponding
HTML page to return and parsing it. Figure 12 presents
the histogram of the runtime required for exploring a
single vertex, grouped into bins of 200 milliseconds.
As can be seen over 50% of the explorations are in the
same runtime bin. Moreover, 90% of the explorations
are performed in the range of the bins 0.6 and 0.8. This
result agrees to some extent with our simplifying as-
sumption of a constant exploration cost.
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Figure 12. Runtime of exploring a web page

For finding a k-clique in the citation web graph, we
implemented a best-first search (as described in Algo-
rithm 1) on top of our web crawler as follows. The
initial vertex s is an initial query that will be sent to
GS. TheExplore() action (line 5 in Algorithm 1) con-
sists of sending a query to GS and extracting from the

k Random KnownDegree Clique∗

4 15 14 22

5 0 6 17
Table 2

Number of instances where the desired clique was found.

Algorithm Cost Runtime Time per vertex

Clique∗ 10.1 (7.5) 11.3 (6.4) 1.3 (0.4)

KnownDegree 27.8 (30.5) 15.4 (13.4) 0.8 (0.3)

Random 43.7 (27.7) 41.0 (26.4) 1.0 (0.2)
Table 3

Online search for a 4-clique in the GS web citation graph.

HTML of the resulting web page the list of hypertext
links that references academic work. Each new link is
added toGknown as a new generated node. The crawler
then selects which link to crawl next (line 4 in Algo-
rithm 1), and follows that link. The resulting web page
is similarly parsed for links. This process is repeated
until a k-clique is found (line 3 in Algorithm 1) or af-
ter 100 web pages were explored. The number of ex-
plorations was limited to 100 in order to prevent the
crawler from being classified as a “denial of service”
(DOS) attack (and as a result be blocked from access
to the web page).

Table 2 presents the results of 22 online GS
web crawls, performed using the KnownDegree and
Clique∗ heuristic algorithms, as well as the random
baseline. As mentioned above, we used computer sci-
ence related terms to start the crawl in GS. The val-
ues in the column k represents the size of the desired
clique. The values in the other column represent the
number of instance where the desired clique was found
before reaching the exploration limit of 100 described
above. As can be seen in Table 2, with Clique∗ the de-
sired clique was found in substantially more instances
than both KnownDegree and random exploration. For
example, with Clique∗ a 5-clique was found in almost
three times more instances than KnownDegree (17 vs.
6), and random exploration did not manage to find a
5-clique in any of the instances (before reaching the
exploration limit).

Table 3 presents detailed results for the instances
where all the algorithms have successfully found the
desired clique. There were 9 such instances (instances
that were solved by random, KnownDegree, and
Clique∗), and the desired clique size in all these in-
stances was 4. The Cost column represents the average
number of vertices expanded until the desired clique
was found and the ’Runtime’ column represents the av-
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erage runtime in seconds. The Time per vertex column
displays the average number of seconds required to ex-
plore a vertex. The values in brackets in each column
are the standard deviation.

As can be seen in Table 3, Clique∗ requires
expanding significantly fewer vertices than both
KnownDegree and Random. For example, finding a
4-clique requires expanding an average of only 10.11
vertices using Clique∗, which is 4 times less than
the average number of vertices required random, and
more than two times less vertices than required by
KnownDegree. The difference in runtime between
KnownDegree and Clique∗ is smaller than the dif-
ference in cost between KnownDegree and Clique∗

(11.33 for Clique∗ vs. 15.44 for KnownDegree). This
is due to the larger overhead per vertex required by
Clique∗, as demonstrated in the Time per vertex col-
umn. When searching for a 4-clique, the average num-
ber of seconds required to explore a vertex was 0.81
for KnownDegree while it was 1.29 for Clique∗. This
corresponds to the complexity analysis given in Sec-
tion 5.1 and Section 5.2.1: KnownDegree requires
only O(log(|Vgen|)) operations to choose the next ver-
tex to expand, while Clique∗ requires higher computa-
tional effort, due to the overhead of maintaining the set
of potential k-cliques.

Surprisingly, the average runtime per vertex of
KnownDegree is even smaller than Random . This is
counter-intuitive, as the complexity of choosing the
next vertex to expand in Random is O(1). How-
ever, this can be explained as follows. In every iter-
ation of the search (Algorithm 1), we first test if the
searched pattern has been found in the known sub-
graph (Gknown), and then run a heuristic algorithm for
choosing the next vertex to expand. As more vertices
are expanded, Gknown grows, demanding more time
to test if the searched pattern has been found. Since
KnownDegree finds a k-clique by expanding less ver-
tices than Random , the resulting runtime per vertex of
KnownDegree is slightly smaller than Random .

In summary, although all the proposed heuristic al-
gorithms are similar in terms of theoretical competitive
ratio (Theorem 4), they performed much better than
random exploration in all our experimental settings.
We have seen as well that Clique∗ outperforms all the
other algorithm in terms of exploration cost, except
for in scale-free graphs, where all the heuristic algo-
rithms exhibited similar performance with a slight ad-
vantage for KnownDegree. Furthermore, the runtime
of Clique∗ has always remained feasible.

8.4. Simulated Graphs with Probabilistic Knowledge

RClique∗ assumes that probabilistic knowledge
about the existence of an edge connecting two ver-
tices in Vgen is available. This knowledge is used by
RClique∗ when simulating the outcome of expanding
vertices. To empirically evaluate RClique∗ we sim-
ulated this probabilistic knowledge as follows. Let
noise be a real number in the range [0, 1]. For a graph
G = (V,E) we define the following function:

P (e) =

{
1− rand(0, noise) if e ∈ E
rand(0, noise) if e /∈ E

In our experiments RClique∗ uses P (e) when per-
forming simulated exploration, assuming that an edge
e ∈ V × V exists with probability P (e).

Consider the effect of the noise parameter. If
noise = 0 then RClique∗ is given exact knowledge
about all edges in G. That is, P (e) = 1 for all exist-
ing edges and P (e) = 0 for edges that do not exist
in the real searched graph. In this case a simulated ex-
ploration of vertex v will reveal all the real edges con-
necting v to the other generated vertices. By contrast,
if noise = 1 then the probabilistic knowledge given
to RClique∗ is completely random. That is, P (e) as-
signs random values for every possible edge (whether
it exists or not). If noise is between these two ex-
tremes then edges that do exist in the real searched
graph are assigned high probabilities while edges that
do not exist are assigned low probabilities. For exam-
ple if noise = 0.5 then existing edges are assigned
P (e) from the range [0.5, 1] and non-existing edges are
assigned P (e) from the range [0, 0.5]. We performed
experiments with different levels of uncertainty by us-
ing different values of noise.
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Figure 13. Random graphs, various levels of noise.

In the first set of experiments we compared
RClique∗ with various levels of noise to the non-
probabilistic approaches. Figure 13 shows the aver-
age exploration cost of searching for a 5-clique in ran-
dom graphs with 100 vertices, generated as described
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Max depth 1 2 3 5 9

Exploration cost 20.02 18.48 16.56 16.8 16.84
Runtime 157 215 240 331 409
Runtime per vertex 6 9 11 16 19

Table 4
Exploration cost and runtime, different max sample depth.

in Section 8.2. Every data point is the average over
50 randomly generated graphs.The bars denote the
different heuristics, including (1) random exploration,
(2) KnownDegree, (3) RLS -LTM , (4) Clique∗, (5)
RClique∗ with various settings, and (6) the lower
bound provided by the optimal offline algorithm. In
all RClique∗ settings we set NumOfSampling to
250 and MaxDepth to 3, which we have found
empirically to be effective. RClique∗with N=0%,
25% and 50% represents RClique∗ with various lev-
els of noise (0%, 25%, 50%). RClique∗(p) denotes
RClique∗ which is only given the average vertex de-
gree in the graph. Therefore, in the simulated explo-
rations RClique∗(p) assumes that the probability of
having an edge between any two vertices is the aver-
age vertex degree in the graph divided by the number
of vertices in the graph.11

As expected, RClique∗ with smaller noise (i.e.,
more precise knowledge) achieves a lower explo-
ration cost. However, even with a setting of 50%
noise RClique∗ outperforms Clique∗ significantly.12

By contrast, RClique∗(p) expands approximately the
same amount of vertices as Clique∗ (p-value of 0.15
according to a paired t-test). This suggests that know-
ing the average vertex degree does not contain enough
probabilistic knowledge to be exploited by RClique∗.

Next, we evaluated the effect of different sampling
depths (MaxDepth) of RClique∗ on the total explo-
ration cost. Table 4 presents results for RClique∗ with
a maximal sampling depth of 1,2,3,5 and 9, on the
same set of random graphs described above, having
NumOfSampling set to 250 and 50% noise. The
Exploration cost row presents the average exploration
cost, i.e., number of vertices expanded until the desired
clique was found. The Runtime (sec.) row presents the
average runtime in seconds, and the Runtime per ver-
tex (sec.) row presents the average runtime per ver-
tex in seconds. These results indicate that deeper sam-

11The average vertex degree in a random graph is simply the num-
ber of edges divided by the number of vertices.

12Note that even with %0 noise, RClique∗ is still not equiva-
lent to the optimal offline algorithm. This is because unlike the opti-
mal offline algorithm RClique∗ only considers the vertices already
found (i.e., expanded vertices or neighbors of expanded vertices).

pling reduces the exploration cost of the search down
to some limit, after which the exploration cost remains
approximately the same. This diminishing return effect
is important, as deeper sampling requires higher run-
time computational effort. Another observation with
respect to the runtime results, is that the runtime of
RClique∗ is much higher than the runtime needed for
the deterministic algorithms (see Table 1). This is rea-
sonable, as RClique∗ calls Clique∗ many times during
the search to evaluate leaf nodes of the sampling (see
Algorithm 3).
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Figure 14 presents the exploration cost of the dif-
ferent heuristic algorithms when searching for differ-
ent sizes of cliques (5,6,7,8 and 9) in random graphs.
As explained in the beginning of Section 8.2, the
graphs were generated such that the expected num-
ber of cliques of the desired size is one, and ex-
periments were run only on graphs with at least
one clique of the desired size. We set the sampling
depth, NumOfSampling and noise parameters of
RClique∗ to be 3, 250 and 50% respectively.

The x-axis of Figure 14 denotes the size of the
searched clique, and the y-axis represents the explo-
ration cost normalized by the exploration cost of the
optimal offline algorithm. As can be seen, all heuris-
tic algorithms require a substantially lower explo-
ration cost than random exploration, Clique∗ is the
best deterministic algorithm, and RClique∗ is better
than Clique∗. This shows that the same trends ob-
served when searching for a 5-clique are kept for larger
cliques.

An additional trend that can be observed is that the
difference between the performance of all the algo-
rithms is narrowed as the size of the searched clique
grows. This is explained as follows. As the size of
the searched clique grows, the number of vertices ex-
panded by the optimal offline algorithm also grows.
Exploring a 5-clique requires expanding at least 4 ver-
tices, while more than twice are required for finding
a 9-vertices. By contrast, random exploration required



Finding Patterns in an Unknown Graph 25

expanding 59 vertices on average until a 5-clique was
found. Since the graph size in this experiment was 100,
then random exploration will find a 9-clique without
expanding twice as many vertices as needed for find-
ing a 5-clique. The same logic applies to all the other
heuristic algorithms. Also, as explained previously, the
graphs were generated such that the expected number
of cliques of the searched size is one. Thus the “distri-
bution” of cliques of the same size will tend to stay the
same for the various clique sizes, under this setting.

Table 5 presents average runtime results correspond-
ing to the same set of experiments described above,
of searching for cliques of sizes 5,6,7,8 and 9 in ran-
dom graphs with 100 vertices. The values in the To-
tal column are the average total runtime in seconds
and the values in the Vertex column are the aver-
age runtime per vertex, also measured in seconds. We
omit the runtime results for k=5 as it was presented
in Table 1 and Table 4. Again, we set the sampling
depth, NumOfSampling and noise parameters of
RClique∗ to be 3, 250 and 50% respectively.

While the runtime of all the algorithms increase
when searching for larger cliques, all the deterministic
algorithms have found the desired clique in less than
a second on average. On the other hand, the RClique∗

algorithm is much more computationally intensive. For
example, RClique∗ required on average 111.67 sec-
onds to expand a vertex when searching for an 8-
clique, while all of the other algorithms required less
than 10 milliseconds. Correspondingly, the runtime per
vertex in RClique∗ is substantially larger than all of
the other algorithms. This is reasonable as RClique∗

is based on performing a set of simulated explorations
before every exploration.

In this paper, we focus on minimizing the total ex-
ploration cost, regardless of the computational run-
time. In that sense, RClique∗ is superior to all the other
algorithms presented in this paper, in all the experi-
mental settings we have used. However, RClique∗ is
substantially more computationally expensive, intro-
ducing a natural tradeoff between computational effort
and exploration cost.

Note that results for RClique∗ are not presented for
the web graph search, since it requires probabilistic
knowledge of the web citation graph. Such knowledge
can be estimated by comparing the text in the titles
of referenced papers, or by learning common proper-
ties of such graphs (e.g., the node degree distribution).
However, this is beyond the scope of this paper.

9. Conclusion and Future Work

In this paper we proposed and analyzed several al-
gorithms for the problem of finding a pattern in an un-
known graph. The problem was formally defined and
a best-first search algorithm was described for solv-
ing it. Several theoretical attributes of this problem
were presented. We theoretically proved that all algo-
rithms will have to expand almost all the vertices in
the searched graph in the worst case. We also proved
that the competitive ratio of any algorithm is close to
that of random exploration. However, several heuris-
tic algorithms were presented, namely KnownDegree,
Pattern∗ and RPattern∗, that substantially outper-
form random exploration in practice.

KnownDegree is a straightforward adaptation of a
common known graph heuristic, in which the vertex
with the highest degree is expanded first. The Pattern∗

heuristic algorithm is based on a “closeness’ measure
to the searched pattern, where the vertex that is the
“closest” to the searched pattern is selected for ex-
ploration. RPattern∗ is designed for scenarios where
some probabilistic knowledge of the searched graph is
available. This knowledge is exploited by RPattern∗

by applying a Monte-Carlo sampling procedure in
combination with Pattern∗ as a default heuristic.

To demonstrate the applicability of the proposed
heuristic algorithms, we have shown how to implement
Pattern∗ for two specific patterns: a k-clique and a
complete bipartite graph. This was done by introducing
the concept of a potential k-clique and potential com-
plete bipartite graph, along with supporting corollar-
ies that allow efficient implementation of the Pattern∗

heuristic algorithm. The Pattern∗ and RPattern∗ im-
plementations for the k-clique pattern were denoted by
Clique∗ and RClique∗ respectively.

Experimental evaluation on the k-clique pattern
showed that both Clique∗ and KnownDegree are
much more efficient in terms of exploration cost
than random exploration. In random graphs Clique∗

outperformed KnownDegree significantly, while in
scale-free graphs the Clique∗ and KnownDegree per-
formed very similarly, with a slight advantage for
KnownDegree. RClique∗ significantly outperformed
all other algorithms, even when the probabilistic
knowledge was not very accurate (noise = 50%).
However, the runtime of running RClique∗ was much
larger than the runtime required to apply Clique∗ or
KnownDegree. This introduces a natural tradeoff be-
tween exploration cost and runtime.
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k Random RLS -LTM KnownDegree Clique∗ RClique∗

Total Vertex Total Vertex Total Vertex Total Vertex Total Vertex

6 0.05 0.00 0.11 0.00 0.03 0.00 0.02 0.00 552.85 25.79
7 0.10 0.00 0.14 0.00 0.06 0.00 0.05 0.00 1,483.24 57.00
8 0.26 0.00 0.15 0.00 0.15 0.00 0.08 0.00 3,043.21 111.67
9 0.49 0.01 0.18 0.00 0.25 0.01 0.12 0.00 5,484.83 206.86

Table 5
Runtime (in sec.) when searching for cliques of different sizes.

In addition to the experimental evaluation on ran-
dom and scale-free graphs that were generated by
a mathematical model, we also implemented a web
crawler application that used the proposed best-first
search with the proposed heuristic algorithms to search
for a k-clique of academic papers via Google Scholar.
In this domain as well, the results showed that in
terms of exploration cost, Clique∗ is superior to
KnownDegree, and both were much more efficient
than random exploration. RClique∗ was not evaluated
in this domain since extracting probabilistic knowledge
of the web graph from the URLs of web pages is be-
yond the scope of this paper.

There are many open questions and future direc-
tions. We intend to perform a large scale online crawl-
ing experiment using the proposed algorithms, com-
bining the clique search with a content based tex-
tual data mining. A natural extension of our work is
to study imperfect matching of the searched pattern,
and explore the tradeoff between finding exactly the
searched pattern versus investing further exploration
cost. For example, in the citation graph, a set of nodes
which are almost a clique is also an indication for
strong context relation.

Another possible research direction is to consider
complex exploration cost models, where each vertex
may have a different exploration cost. An example of
such an exploration cost is a physical based model in
which exploring a vertex requires an agent to move to
its geographic location. Moreover, how multiple agents
can search for a pattern cooperatively in an unknown
graph is another interesting future direction.
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